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Abstract 

It is known that a continuous family of compact operators can be 
diagonalized pointwise. One can consider this fact as a possibihty of di- 
agonahzation of the compact operators in Hilbert modules over a com- 
mutative VF* -algebra. The aim of the present paper is to generalize this 
fact for a finite TV* -algebra A not necessarily commutative. We prove 
that for a compact operator K acting in the right Hilbert A-module 
H\ dual to Ha under slight restrictions one can find a set of "eigenvec- 
tors" Xi G H\ and a non-increasing sequence of "eigenvalues" \i € A 
such that K Xi = xiXi and the autodual Hilbert A-module generated 
by these "eigenvectors" is the whole H\ . As an application we consider 
the Schrodinger operator in magnetic field with irrational magnetic flow 
as an operator acting in a Hilbert module over the irrational rotation 
algebra Aq and discuss the possibility of its diagonalization. 



1 Introduction 

The classical Hilbert-Schmidt theorem states that any compact self-adjoint 
operator acting in a Hilbert space can be diagonalized. It is also known that a 
continuous family of compact operators is diagonalizable. When active study of 
Hilbert modules began some results were obtained concerning diagonalizability 
of some operators acting in these modules. R. V. Kadison [§,0 proved that a 
self-adjoint operator in a free finitely generated module over a VF* -algebra is 
diagonalizable. Later on some other interesting results about diagonalization of 
operators appeared 0] > , . This paper is a step in the same direction and 



is concerned with diagonalization of compact operators in the Hilbert module 



H\ over a finite VF* -algebra A. Its main results were announced in |[T5| . 



The present paper is organized as follows: At section 2 we study some 
properties of Hilbert modules over finite VF* -algebras related with orthogonal 
complement ability. The main technical result is the isomorphy of H\ and the 



orthogonal complement to A in iJ^. At section 3 we recall the basic facts 
about the compact operators in Hilbert modules. Here we also give an ex- 
ample showing that the module Ha is not sufficient to diagonalize compact 
operators, so we must turn to its dual module H\. Section 4 contains the 
proof of the main theorem of this paper about diagonalization of a compact 
operator in the module H\ . Here we also discuss the uniqueness condition for 
the "eigenvalues" of this operator. Section 5 deals with quadratic forms on 
Hilbert modules related to a self-adjoint operator. Properties of these forms 
are mostly the same as on a Hilbert space. At section 6 we discuss an example 
which motivated the present paper. We consider the perturbated Schrodinger 
operator with irrational magnetic flow as an operator acting in a Hilbert mod- 
ule over the irrational rotation algebra Ag and we show that this operator is 
diagonalizable. 
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2 Orthogonal complements in Hilbert mod- 
ules over finite W^* -algebras 

Throughout this paper A is a finite PF* -algebra admitting the central decom- 
position into a direct integral over a compact Borel space. By r we denote a 
normal faithful finite trace on A with r(l) = 1 . Recall some facts about Hilbert 
modules. Standart references on them are > EH ) [HU • If -B is a C* -algebra we 
denote by Hb (another usual denotation is hi^B)) the right Hilbert i? -module 
consisting of the sequences (xj) , z G N for which the series ^l^i converges 
in the norm topology in B with the inner product {x^y) = J^i^iUi and the 
norm = || (x, x) ||^/^ . Let be its dual module, iJ^ = HomBiHs'-, B) . 
It is shown in |^D[ that in the case of W^* -algebras the inner product on the 



module Hb can be prolonged to the inner product on the module H^ and this 
module is autodual, i.e. {H'^)* = H^. 

Let M C H'^ be a Hilbert i?-submodule. By M-*- we denote its orthogonal 
complement in H'^. It is well-known |^ that if M is a finitely generated 
projective Hilbert 5-submodule in H*^ then it is orthogonally complementary: 
H*Q = M © M"*- . If we change H*^ by Hb then the orthogonal complement 
to M in Hb is isomorphic to Hb-, but nothing is known in general about 
isomorphy between M"*- and H'^ . The following theorem solves this problem 
in the case of modules over a VT* -algebra decomposable into a direct integral 
of finite factors and having a faithful finite trace. 
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Theorem 2.1. If M is a finitely generated projective A-suhmodule in H\ 
then M"*- is isomorphic to H\ . 

Proof. The idea of the following proof is contained in [0]. Let gi, . . . , gn be 
generators of the module M . Without loss of generality we can assume that the 
operators {gi,gi) G A are projections, {gi,gi) = Pi - Let {cm} be the standart 
basis of the module C H\. Fix e < and define elements G M-*- by 
the equality 

n 
i=l 

Then we have 

n 

(^m' ^m) 5^ {dii ^m) {Qii ^ra) ■ 

i=l 

It follows from the equality 

r{{gi,gi)) = Tr^{gi,em)*{gi,e„^) 

that the series J2m '^{{Qi-, ^m)* {Qi, &m)) converges and there exists such number 
mo that for any m > mo the inequalities 

r[{gi,e„,)*{g^,e„^)) < 



hold. 



Lemma 2.2. If x E H\, = 1 and t{{x,x)) > 1 — | i/ien i/iere exists a 
projection p E A with t{p) > 1 — e such that p{x,x)p is an invertible operator 
in the W* -algebra pAp. 

Proof. Let dP{X) denote the projection-valued measure for the operator 
a = {x,x) G A; a = XdP{X) . Put 



/(A) 



0, A<Ao, 

1, A > Ao, 



where Aq G [0; 1] . Then /(a) = p is a projection. Denote dr (-P(A)) by dfi{X) . 
It is a usual measure on [0; 1] and by 



We have 



r(a) = f\dfi{X). 
Jo 



l-^<r(a)= /'AdMA)< Ao/i([0;Ao))+^([Ao;l]). (2.1) 
2 Jo 



Since -P(l) = 1 we have 

^([0;Ao))+^([Ao;l]) = l (2.2) 
From ( |2.1| ) and ( ^.'4 ) we obtain the inequahty 

Choosing an appropriate number Aq 7^ we obtain /z ([Aq; 1]) > 1 — e. From 
the definition of the function /(A) we have 

r{p) = r(/(A)) = /'/(A)rf/i(A) 

Jo 

1 

dfi{\) = ;u([Ao;l]) > l-e. 

Consider now the operator pap G pAp. The equahty 

pap= f\f{X)dP{X) 
Jo 

follows from the spectral theorem, therefore the spectrum of the operator pap 
as an element of the VF* -algebra pAp lies in [Aq; 1], hence is separated from 
zero and this operator is invertible in pAp. • 
Let 

{Pi^'m^ ^'m)p) =pbp = be pAp 

and = ■ 6. Then 

O = pbp{eL e'Jpbp = p. 

Now take an element y G M-*-, y 7^ 0, \\y\\ < 1. For every e > beginning 
from a certain number m we have 



< \\bfT[{ern,yr{em,y)) < 



because of convergence of the series J2m '^(^{^m, y)* {e-m, ?/)) • 

Denote the operator {e'^,y)* {e'^,y) G A by c, then r(c) < y; ||c|| < 1 and 
c > (i.e. c is a positive operator). If dQ{\) is its projection- valued measure 
and if we denote the measure dT{Q{\)) by dp{\) then we have A du{\) < y . 
If Ai G [0; 1] then 



£2 



Ai ■ / dp{\) < I Xdu{X) = r(c) < 2 



1, A<Ai, 
0, A>Ai. 



1 3 2 

hence /^^^ diy{X) < y. Taking Ai = y we obtain z/([Ai; 1]) < e. Put 

Then q = g{c) is a projection with r(g) = z/([0; Ai)) > 1 — £ and 

Ikcgll < Ai = ^. (2.3) 



By p V g (resp. p A q) we denote the least upper (resp. greatest lower) bound 
for projections p and q. Put p' = p A q. Ashy 



r(p) + T(g) = t{p V g) + r(p A q), 

so we have 

r(j9') = t{p) + T{q) - r(p V g) > (1 - e) + (1 - e) - 1 = 1 - 2£ 
because r(p V g) < r(l) = 1. The inequality 

IbVII < y (2.4) 

follows from ( |2.3D . Put now = e'4 ■ p' ■ Then (e'^,e'^) = p'. Put further 
y' = y + ee'^ G M-*-. We can decompose y'into two orthogonal summands: 
y' = u + v , where u = y - eZ{eZ,y) ,v = eZ({eZ,y) + e ■ l) ; u,v e . Then 



(2/', = {u, u) + ((e^, y) + ep') ((e^, y) + ep') 

and 

P{y',y')p' = P{u,u)p + (p'{e^,y)p +ep) (p'{e^,y)p +ep') 

= p{u,u)p' + (^{eZ,y)p' + ep) (^{eZ,y)p +ep'). (2.5) 



Since 



{{eZ,y)py{e!!„y)p = p {e'^,y)*p {e^,y)p 

^ 1 1 II \* I II \ I I I 

< P\(^m^V) \(^m^y)P = pep 



it follows from ( |2.4]) that || (e'4, < < £. Therefore the operator 
{e'^,y)p' + ep' is invertible in the VF* -algebra p' Ap' . The invertibility of 
p'{y'iy')p' follows now from ( p.5|) . Consider the trace norm on Af-*- (and on 
i/^) defined by 



The inequahty 

r((y' -y.y'- y)) = r(e\C. e:)) = ^(eV) < 

gives us the estimate — < £• So we have proved that the elements of 
for which there exists a projection p' with t(j9') > ^ such that p'{x,x)p' 
is invertible in p' Ap' are dense in Af-*- in the trace norm. 

Corollary 2.3. There exists some x G M-*- sttc/i t/iai > ^ anc? ||x|| < 

1. 

Let now {Vn} be a sequence containing every infinitely many times. 
Put y = yi — J2k=i 9k{gk, yi) ■ Then for £1 = 1 there exists some y' G M-*- with 
\\y'\\ < 1 such that 

\\y-y\\r<ei (2.6) 

and a projection pi with r(pi) > | such that pi{y', y')pi is invertible in piApi . 

Then putting h\ = y'b' where b' = ipi{y' ,y')pi] G piApi we obtain from 
( |2.6| ) the inequality 

dist^(y,Si(/iiyl)) < dist^(y,/ii(6')"^) = dist^(y,y') < £1, 

where by Bi we denote the unit ball of a Hilbert module in the initial norm. 
Therefore 

dist^(?yi,Si(Span^(M, /ii))) < Si. 

Then taking £2 = | we can find an element /12 G (Span^(M, /ii))-*- such that 
(^2, ^2) = P2 is a projection with t{j)2) > \ and 

dist^(?/2, -Bi(Span^(M, hi, /12))) < £2- 

Continuing this process and taking = ^ we obtain a set of mutually orthog- 
onal elements hi G M"*- with {hi, hi) = pi being a projection and T{pi) > | 
such that 

distriyk, 5i(Span^(M, /ii, /i2, . . . , /ifc))) < Sk (2.7) 
These /ij generate an A-module C M-*- and from ( p^.Tj ) we have 

dist,(?/fc,5i(M© AT)) < p 

hence the trace norm closure of Bi{M (B N) contains the unit ball of the whole 
Hj^ and the trace norm closure of Bi{N) contains Bi{M-^). 

The constructed above basis {hi} of N is inconvenient because the inner 
squares of hi are not unities. So we have to alter it. By T we denote the 
standart center- valued trace on A. 
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Lemma 2.4. For any number C there exists some number n such that 



Proof. Suppose that there exists a normal state / on the center Z of 
A such that for some C (/ o T) < C . Then there exists a central 

projection z & Z such that 

t(Y^P,z) < C. (2.8) 

Consider the M^* -algebra zAz . Multiplication by z turns any Hilbert module 
over A into a Hilbert module over zAz and preserves orthogonality of sub- 
modules. So we have Nz C M-^z and Bi{Nz) is dense in Bi{M-^z) in the 
trace norm || ■ H^-^ defined by the faithful trace on zAz induced by r . 
The inequality (|2.8D means that for any 5 > changing 2: by a lesser cen- 



tral projection if nessessary we can find such number k that the inequality 
T(J2i>kPiz) < ^ holds. Decompose the module Nz : Nz = Lk®Rk where 
is the 2:^2; -module generated by hiz, . . . , h^z and Rk is the orthogonal com- 
plement to Lfc in Nz. As Bi{Nz) is dense in Bi{M-^z) so Bi{Rk) must be 
dense in Bi{{Mz®Lk)-^) in the trace norm ||-||r^- Let x = J^iyk^i^i ^ -Bi(-Rfc). 
Estimate its trace norm: 



\xf 



Tzi'^X*{hiZ,hiZ)Xi] = Tjj2^iPi^^i) 
\>k ' \>k ' 

^PiZXiX\\ < rJ ^Pi2 ■ ||Xif j 



i>k i>k 



\>k ' \>k 

As we have T(X]j>fcPj-z) < £ so (I]j>fcPi2) < £ and so we obtain ||a;||^^ < e 
for all X G B\{Rk). But as Bi{Rk) is dense in Bi{{Mz © Lk)~^) so for all 
y e Bi{{Mz © -^^fc)"*") we have < s. On the other hand if we apply 

the corollary 2.3 to the module [Mz © Lfc)-*- instead of Af-*- we can find in 
5i((M2 © -Lfc)"*") an element y with ||y||r^ > |- The obtained contradiction 
finishes the proof. • 

Choose now a projection q in A with the properties: 

T{q) = min(r(pi + pa); 1) - (2.9) 



and q-Lpi . It follows from ( |2.9| ) that r(g) < T(p2) , therefore there exists 
another projection q' equivalent to q such that q' < P2- Equivalence of q and q' 
involves existance of a unitary u ^ A such that qu = uq' . Put r = h2q'u* G A^. 
Then r is orthogonal to hi and 

(r, r) = uq'{h2, h2)qu* = uq'p2qu* = uq'u* = q. 
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Put further h[^^ = hi + r. Then 

{h^^\h^^^) = + {r,r) = pi + q. 

Notice that T{{h^i \ h^i^)) = min(T(pi +P2)', !)• Taking into consideration the 
next element /is we can obtain h^^^ such that (h!i\h^i^) is a projection and 
T{{hi'\ hf^)) = min(T(pi +p2 +P3)', 1) • Repeating this procedure and increas- 
ing the value of T{{h^i \ h^i'')) we can construct by the lemma 2.4 an element 
h'^ such that (/if^, h^) = 1- The orthogonal complement to hf^ in is gen- 
erated by elements hiQi, i > 1 where qi are some projections. Applying the 
construction described above to these generators we can construct by induc- 
tion a set of elements hf^ with {h'^, hf) = 1 which generates the module N . 
Hence {h°°} is a basis in and A^ is isomorphic to H^. 

Finally we must prove that A^* = M"*- . As A^ C M"*- is closed in the usual 
norm, so for any / G (M-*-)* its restriction /l^r belongs to A^*. Notice that the 
module M-*- is autodual, (M-*-)* = Af-*- because of autoduality of H\ and M . 
Suppose that /Iat = 0. Since A^ is dense in M-*- in the trace norm, we have 
/ = on M"*- because of continuity of the map / : M-*- — >A in this norm due 
to the inequahty 

r{if{y)rm)<\\fr-r{{y,y)) (2.10) 

where y G Af-*-. So monomorphity of the map M"*- — >N* is proved. Let now 
(f) G A^* . This functional can be prolonged to a map from M-*- to A. If {yn} C 
A^ is a sequence converging to ?/ G M-*- in the trace norm then put (f){y) = 



lim (j){yn) ■ Correctness of this definition follows from (|2.1CI|) with (j) instead of 
/ . So the A-modules M-*- and A^* coinside and the theorem is proved because 
the module A^* is isomorphic to if^. • 

Proposition 2.5. Let N C H"^ be a Hilbert suhmodule over a W* -algebra 
B and let N-^ = . Then its dual module N* coinsides with . 

Proof. According to supposition for any z G H*^ there exists some x E N 
such that (z, x) 7^ 0. Therefore the map z 1 — > {z, ■) defines the monomorphism 
j* : H"^ — >N* which is dual to the inclusion j : N ^ after identification 
of Hq and its dual (H*)* . Their composition 

j* o j : A^ — ,H*s — .A^* 

coinsides with the natural inclusion A^ A^* . Its dual map 

(/ o j)* = j* o j** : A^* = A^** — >H*B — ^A^* 

must be an isomorphism, therefore j* must be epimorphic. • 

Proposition 2.6. Let B be a W* -algebra and let R C Hb be a B- 

submodule without orthogonal complement, i.e. = in Hb. Then R* = 
H*B. 
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Proof. It is easy to verify that if R C Hb then R* C H*^. As the module 
R* is autodual, so by Q R* is orthogonally complementary, therefore Hb = 
R* ® S with some S-module S . Notice that the map Hb — x i — > (x, ■) 
is monomorphic by supposition. So we have S-LHb- But as it is known that 
H^ = in H*s, so S = 0. • 

3 Compact self-adjoint operators in Hilbert 
A-modules 

By End^(M) we denote the set of all bounded i?-linear operators acting on a 
Hilbert 5-module M over a C* -algebra B and possessing a bounded adjoint 
operator. 

Proposition 3.1. If B is a W* -algebra then End^(if|j) is a W* -algebra. 

Proof is reduced to verification of the isomorphy between End^(i/^) and 
the VF* -algebraic tensor product of B by the algebra of bounded operators on 
the separable Hilbert space. 

Recall the definition of the compact operators in a Hilbert i? -module M . 
Put 9^,y{z) = x{y,z) for x,y,z e M. Then O^^y G EndB(M). The set K(M) 
of compact operators is the norm-closed linear hull of the set of all operators 
of the form O^^y Denote by Ln{B) the Hilbert S-submodule of the modules 
Hb or H*Q generated by the first n elements of the standart basis ei , . . . , e„ . 

Proposition 3.2. Let C* -algebra B be unital. Then an operator K G 
'E\i(\*b{Hb) is compact if and only if the norm of the restriction of K to the 
orthogonal complement to Ln tends to zero. 

Proof. Denote by P„ the projection Hb — >Ln{B)-^ . Then for any 
Z-LLn{B) we have 

||6'x,s,(2;)f = \\{ex,y{z),ex,y{z))\\ = \\ {y , z)* {x , x) {y , z)\\ 

< \\xr\\{y,z)r = \\xr\\{Pny,z)r 

< \\xf-\\Pr,yf-\\zf. 

As ||f„?/|| tends to zero, so does the norm of O^^y restricted to Ln{B)^ . The 
same is true for linear combinations of such operators and for their norm 
closure. Suppose now that for some operator K we have ||i^'|i^(^)x || —>■ 0. 
Then as J2m=i Kem{em, z) = Q for any z^-Ln{B), so if < 1 and Z-LLn{B) 
then we have 

n 

sup \\Kz — ^ Kcmiem, z) II = sup ||i^2;|| — >0 (3.1) 
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when n — >oo . If z G Li^B) then Kz = J2m=i ^^rn{em, z) . It means that 
(3.1) holds also if the supremum is taken in the unit ball of the whole Hb, 



therefore the operator K is the norm topology limit of the operators Kn = 

Remark 3.3. This property of the compact operators was taken as their 
definition in |T^. Without the supposition that B is unital these two definitions 
fail to be equivalent. As it was shown in the property of an operator to be 
compact strongly depends on the choice of a Hilbert structure. Throughout 
this paper we consider only the standart Hilbert structure on Hb ■ 

Let K he a. self-adjoint compact operator acting in Ha- Due to its self- 
adjointness this operator can be prolonged to an operator K* in H\. 

Lemma 3.4. // Ker K = in Ha then Kei K* = in H\. 

Proof obviously follows from the proposition 2.6. One must take the norm 
closure of \m.K in Ha as R. Then Ker/T = R-^ = 0, hence R* = H\ and 
Ker K* = (R*)^ = 0. • 

For now on we shall not distinguish the operator K and its prolongation 
K* and denote both of them by K . 

Now we shall produce an example which shows the necessity of considera- 
tion of the dual Hilbert modules if we want to diagonalize compact operators. 

Example 3.5. Let A = L°°([0; 1]) and let bk be a monotonous sequence 
of positive numbers converging to zero. Put 



1, t e 



0, 



2k 1 2^-1 J ' 

for other t, 



and put fk{t) = hk ■ ak{t) . Let X be a compact operator which can be written 
in the form 

( fl /2 ■ ■ ■ fn ■ ■ ■ \ 

h ■■■ ■■• 



K 



fn 



V 



in the standart basis of Ha ■ One can easily diagonalize pointwise this operator. 
Then the eigenvector corresponding to the maximal eigenvalue can be written 
as X = {xnif)) with Xiif) = ai{t) + ^J2k>i'^ki't), and x„ = ^anif) when 
n > 1. Then (x, x) = J2k (^kit) = 1. This series converges but not in the norm 
topology of y4 , so we have x G Ha \ Ha ■ 
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4 Diagonalization of compact operators in H\ 



We say that a compact operator K in a. Hilbert module M is positive if for 
any x G M the operator {Kx,x) G A lies in the positive cone of A. In 
Hilbert modules as well as in Hilbert spaces positive operators are self-adjoint. 
A set of elements {xi} G H\ we call a "basis" if {xi,Xi) = 6ij and if the 
dual A-module for the module generated by this set coinsides with H\, i.e. 
(Span^{xj})* = H\. Notice that a "basis" is neither algebraic nor topological 
basis. An element x G H\ we call an "eigenvector" and an operator X E A we 
call an "eigenvalue" for K if x generates a projective A-module and Kx = xX. 

Theorem 4.1. Let K be a compact positive operator in H\ with Ker/T = 
0. Then there exists a "basis" {xj} in H\ consisting of "eigenvectors", i.e. 
Kxi = XiXi for some "eigenvalues" Aj G A. 

Proof. The W^* -algebra End^(i/^) is semifinite and its center is the same 
as the center Z of A, so this algebra as well as A can be decomposed into a 
direct integral of factors over the compact Borel space F with the finite measure 

such that L°°(r) = Z . The operator K then also can be decomposed, 



K = K{'y)dj. 



If we put T = T(S)tr where T is the standart Z-valued finite trace on A and tr 
is the standart trace in the Hilbert space we obtain a semifinite center-valued 
trace on the VF* -algebra End^(i/^). At first we show that if we separate 
the spectrum of K from zero then we find ourselves in the finite trace ideal of 
End*j^{HX) . Let xe denote as usual the characteristic function of a set E cH. 

Lemma 4.2. For every e > almost everywhere on T we have 

T{X{e;+o^){K)) < OO. 

Proof. Denote the spectral projection Xie;+oo){K) by P. Then the operator 
inequality 

i^llmP > £ (4.1) 

is satisfied on the ^-submodule Im P C H"^ by the spectral theorem. Due to 
compactness of K we can decompose Ha into a direct sum: Ha = Ln{A) © R 
with such number n that H-ft'l/jH < £. If we pass on to the dual modules then 
we obtain the estimate 

\\K\R4<e (4.2) 

where H\ = L„(A) © R* . Denote by Q the projection in H^ onto R* . Then 
the projection onto Im P fl P* will be P A Q and the projection onto (Ker P fl 
Ln{A))-^ will be Py Q. By the results of p3| we have 



T{Py Q) =T{P - P AQ). (4.3) 
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As PyQ < 1 where 1 stands for the unity operator in End^(i/^) , so we obtain 
the inequahty T(P V Q — Q) < T{1 — Q) . But 1 — Q is the projection onto 
Ln{A) and its trace is equal to n, so from ( ^.31 ) we have T{P — P A Q) < n. 
Comparing dil] ) with we conclude that ImP n R* = 0, so P AQ = 
and finally we have T{P) < n. • 

We shall need subsequently one simple fact concerning measurable func- 
tions. 

Lemma 4.3. Let T be a Borel space with a measure and let : Fx R — >-R 
be such function that 

(i) for every A G R the function ipij; A) is measurable on T ; 

(a) ip{'^\X) is right- continuous and monotonely non-increasing in the second 

argument for almost all 7 . 

For any real a put 

c,(7)=inf{A:^(7;A)<«}. (4.4) 
Then the function Ca{-~f) is measurable. 

Proof. We have to show that for any /3 G R the set V = {j : €0(7) < P} 
must be measurable. But from the definition of 0^(7) and from {ii) we have 
y = {7 : inf{A : ^^(7; A) < «} < /9} = {7 : i^{r, P) < «}• By (i) we are 
done. • 

Recall that the operator K is decomposable over F . Let 

^1(7; A) = X(A;+oo)(i^(7)); 
^2(7; A)=X[A;+oo)(i^(7)) 

be the spectral projections of the operator K{'y) corresponding to the sets 
(A; +00) and [A; +00) respectively. Put 

PlW = X(A;+oo)(i^); P2{X) = X[X;+oo){K) 

and 0(7; A) = T'(Pi(A)). Then this function satisfies the conditions of the 
lemma 4.3, therefore the function 

A(7)=inf{A:0(7;A)<l} (4.5) 

is measurable. 

Now we want to define two new projections in H\: 

Pi = j\iM,y,+oo){K{j))dj = |^®Pi(7;A(7))rf7; 

(4.6) 

P2 = /^®X[AW;+oo)(^(7))rf7 = P2{TA{l))d-i 
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and we have to check correctness of this definition. 



Lemma 4.4. The operator-valued functions Pi{-y, X{'y)) and P2{'~f; Xi-y)) 
are measurable. 

Proof. It is understood that the TV* -algebra A is acting on the direct 
integral of Hilbert spaces H = J® H{pf) d-y with the scalar product (■, ■). We 
have to show that the function 

7^ (Pi(7;A(7))e(7),e(7)) (4.7) 



is measurable for all ^ = /p ^(7) d^y G H . By the theorem XIII.85 of |21] the 
function 

^(7;A) = (Pi(7;A(7))e(7),e(7)) 

satisfies the conditions of the lemma 4.3. Measurability of ( [4.7|) follows from 
measurability of the set f/ = {7 : "0(7; A(7)) < a} for every a. But from the 
definition of the function €0,(7) ( |4.4| ) one can see that 



U = {y: A(7) > c,(7)} = {7 : A(7) - 0,(7) > 0}. 

This set is measurable because of the measurability of function A (7) — €0,(7). 
The case of the second projection P2 can be handled in the same way. • 



Corollary 4.5. The projections Pi and P2 are well-defined and 

f(Pi)<l; T(P2)>1; Pi<P2. 

These two projections define the decomposition of H\ into three modules: 

H\ = H_®Hq® H+ (4.8) 

where if+ = ImPi; Hq = Im(P2 — Pi); = KerP2. The operator K com- 
mutes with these projections because -^'(7) commutes with the projections 
Pi (7; A (7)) and P2(7; A (7)) for almost all 7, so with respect to the decompo- 
sition (14.81) K can be written in the form 



K 



( 

i^o 
V K_ 



and Kq for almost all 7 is the operator of multiplication by a scalar A(7), 
hence every submodule of Hq is invariant for K . From the corollary 4.5 we can 
conclude that there exists a projection P such that Pi < P < P2 and T(P) = 
1 . Then the operator K is diagonal also with respect to the decomposition 
H*j^ = ImPeKerP: 

' Ki \ 

K' r 



K 
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Notice that the module Im P is isomorphic to A because the projections onto 



them in H\ have the same trace T, hence they are equivalent ||2^. Let xi G H'^ 
be a generator of the module Im P, {xi,Xi) = 1 . If it is fixed then the operator 
Ki : ImP — >lmP can be viewed as the operator of multiplication by some 
Ai G A] KiXia = XiXia for a E A, Xia G ImP. By the theorem 2.1 the 
module Ker P is isomorphic to H\ and the operator K' is obviously compact 
on KerP and the lemma 4.2 holds for it. Moreover we have the operator 
inequality Ki = \i > K' . 

Further on by induction we can find elements Xi G H"^ with {xi,Xj) = Sij 
and operators Xi & A such that Kxi = XiXi and Aj+i < Aj. Denote by the 
A-module generated by these elements x,. Obviously = Ha- Notice that 
the operator K\n need not to be compact. It remains to show that A^* = H\. 

Lemma 4.6. The norm of the operators Xi tends to zero. 

Proof. Since the sequence ||Ai|| is monotonously non- increasing it con- 
verges to some number 6 > 0. Suppose that b 0. The operators Aj as well 
as the other objects involved can be decomposed into direct integrals over F. 
From construction of Aj we can conclude that there exist such numbers rfj(7) 
that 

A.(7) > d,{j) > A,+i(7) (4.9) 

If we decompose Xi into a direct integral coordinatewise: Xi = J® Xj(7) dj then 
for almost all 7 Xilj) are orthonormal in H\ and K{'~f)xi{'~f) = Xi{'~f)Xi{'j) . 
Define a function 6(7) as the limit of the norms ||Ai(7)|| taken in ^(7). We 
have 

||A.(7)|| = ||(ir(7)x.(7),x.(7))|| > &(7), (4.10) 

where the inner product is also taken in the ^4(7) -modules -f^A(7) • Let now x 
be an element of A'^ . Then it can be written in the form 



X 



(7) = z]^i(7)ai(7) with some a, = 0^(7) ^7 G A. 



If {x, x) = 1 then for almost all 7 

^a*(7)a.(7) = l. (4.11) 



From ( [4.9| ) and ( [4.10[ ) we can conclude that for all i the operator inequality 



Aj(7) > ^(7) holds. Therefore 

(ir(7)x(7),x(7)) = E<(7)A.(7)«.(7) 

i 

> E<(7)a.(7)K7) = K7) 
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due to (ITT 



) and 6(7) being a scalar. Further on we obtain that 



II {Kx, x) II = ess sup II (A'(7)x(7), x{^)) \\ > ess sup 6(7) = b 
and as by supposition 6 > , so 

\\{Kx,x)\\ > b (4.12) 

for any x & N with {x,x) = 1. Now consider the projection P„ : — >Ln{A). 
If the spectrum of this operator would be separated from zero then P„ would 
be an inclusion of the module into the module L„ , but it is impossible for 
finite H^* -algebras. Therefore for any e > we can find x & N with {x, x) = 1 
such that ||-Pna;|| < £■ Put x' = PnX; x" = x — x'. We have ||x'|| < e; ||x"|| < 1. 
Estimate the norm of {Kx, x) : 

\\{Kx,x)\\ < \\{Kx',x')\\ + 2||Re(fs:a;',x")|| + || (i^x", x")|| 

< ||is:||||xf + 2 ||K|| ||x II ||x"|| + \\{Kx",x")\\ 

< \\K\\e^ + 2\\K\\e + \\{Kx" , x")\\. 

As x"-LLn, so due to compactness of K we have \\{Kx" , x")\\ < e for n great 
enough. Hence ||(/^x,x)|| < e' where e' = \\K\\e'^ + 2\\K\\e + e . Choosing 
e small enough this estimate contradicts (|4.12|) , so our supposition 6 > is 
wrong. • 

We have proved that the norm of the restriction of K to the orthogonal 
complement to Xi, . . . ,Xn tends to zero. It means that if x G A^"*" then ||i^2^|| = 
0. But KeT K = 0, so A^"*" = and by the proposition 2.5 we have A^-*- = 
HI. • 

The "eigenvalues" Xi of K are obviously not uniquely determined and 
the same is true for the "eigenvectors" Xj. If for example we take x[ = XiUi 
with unitaries Ui & A then the "eigenvalues" of K will be the operators 
= u*XiUi. The other reason of non-uniqueness is absence of order relation 
even in commutative W^* -algebras. For example if A = L°°(X) and if Aj = 
/(x); Xj = g{x) are such functions that for some x /(x) > g{x) and for 
some other x the inverse inequality holds then the functions max{f{x),g{x)) 
and min(/(x), 5'(x)) are also "eigenvalues". Nevertheless the next proposition 
shows that putting the "eigenvalues" in some order provides their uniqueness. 

Proposition 4.7. Let Xi and Xj be as constructed in the theorem 4-1, o-nd 
let fii be the "eigenvalues" of K corresponding to another "basis" {yi} of H\. 
If for any unitaries Vi E A and for all i we have v*fiiVi > v*_^_^Hi^iVi^i then 
Xi and fii coinside up to unitary equivalence. 

Proof. One can easily check that by supposition we have infSp/ii(7) ^ 
sup Sp /ij+i(7) in factor ^(7) for almost all 7 G F. So the projections in H\ 
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onto the modules generated by yi are spectral projections for K . Denote the 
projection onto Span^(?/i) by Q. Then obviously Pi < Q < P2 where Pi, 
P2 are defined by ( |4.6| ). We can decompose Q into the sum Q = Pi® R and 
the projection P onto Span^(xi) into the sum P = Pi ® S where R and 
S are also projections. As T{P) = T{Q) = 1, so and S are equivalent 
and Imi? = ImiS. This module isomorphism commutes with the action of 
K because the restriction of K onto these modules is scalar and coinsides 
with (^1(7) for almost all 7 G F. So there exists a unitary ui & A realizing 
this isomorphism between ImP and ImQ such that Ai = u^jdiUi. Acting by 
induction we obtain unitary equivalence of the two sets of "eigenvalues" . • 

In the end of this section we must say a few words about diagonalization 
theorem in the case if we drop out requests about positiveness and absence of 
kernel for K .li K is any compact operator in Ha or in H\ then H\ can be 
decomposed into a direct sum H\ = H_ © Ker K © so that the restriction 
of K onto (resp. iJ_ ) is positive (resp. negative). We can find sets of 
"eigenvectors" independently in and in if_ but we need to drop out the 
demand for these "eigenvectors" to be units, i.e. the inner squares of such 
vectors are some projections but not necessarily unities. It is shown in that 
any compact self-adjoint operator acting in an autodual Hilbert module over 
a VF* -algebra can be diagonalized, but its "eigenvectors" are not units and its 
"eigenvalues" are not uniques up to unitary equivalence. 

5 Quadratic forms on H\ related to self- 
adjoint operators 

Quadratic forms play an important role in the classical operator theory in 
Hilbert spaces. If i? is a C* -algebra with a faithful finite trace r and D is a 
self-adjoint operator acting on a Hilbert P-module M then a quadratic form 
on M can be defined as Q{x) = t(^{Dx,x)^ for x G M . We shall see in this 
section that this C* -module quadratic form behaves itself like a usual one. 
Recall that by Bi{M) we denote the unit ball of M . 

Proposition 5.1. Let D be a positive operator in M with Ker D = and 
let the quadratic form Q{x) reach its supremum on Bi{M) at some vector x . 
Then {x, x) is a projection. 

Proof. Denote {x,x) hj h E A. By definition we have \\h\\ < I; h > 
0; h* = h. Suppose that the spectrum of h contains some number c besides 
zero and unity. Define a function f{t) on [0; 1] D Sp /i by 




0<t<e, 
£ < t < 1, 
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where < e < c. Put a = f{h) and x' = xa. Then {x',x') = aha = ha^ . 
This operator is equal to the value of the function t ■ P{t) calculated for the 
operator h. As t- pit) < 1 for < t < 1, so \\ha^\\ < 1 and x' lies in Bi{M) . 
By supposition {Dx,x) is a positive operator. Denote it by k'^ with k > 0. 
Then 

Q{x') — Q{x) = T(^{Dxa,xa) — {Dx,x)^ = r^ak'^a — k'^) 
= T{a^e~e) = rika^k-k^) 
= T{k{a^-l)k). 

By definition — 1 is also positive and we denote it by 6^ with b> 0. Then 

T{k{a^ - l)k) = T{kb'^k) = T{h{Dx,x)h) = T[{Dxb,xb)) 

and thus 

Q{x')-Q{x) = T({Dxh,xh)) (5.1) 

But {xh, xh) = b{x, x)h = bhb and the operator bhb corresponds to the function 
t{f{t) — 1). This function differs from zero when t = c, therefore the operator 
bhb differs from zero, and it means that xb also differs from zero. Notice that 
the operator D^/^ is well-defined and Ker D^^^ = 0. Therefore 

T(^{Dxb,xb)) = T(^{D^I'^xb,D^''^xb)) > 0, 

hence from ( [5.1| ) we obtain the inequahty Q{x') — Q{x) > and it contradicts 
the supposition that Q{x) is the supremum of the quadratic form Q on Bi{M) . 
So we have proved that Sp h does not contain any other number except zero 
and unity, hence /i is a projection. • 

Proposition 5.2. Let x G Bi{M) be a vector at which the quadratic form 
Q reaches its supremum on Bi and let L d M he a submodule generated by x . 
Then M = L®L-^ and L and L-^ are D -invariant submodules, i.e. DL C L; 
DL^ C . 

Proof. By the previous proposition {x, x) is a projection, hence L is a 
projective module and by the Dupre-Fillmore theorem [Q M = L © L-*- . Let 
y G -L"*-; ||?/|| = 1. Put Xt = xcost + ysint. As Xq = x is a point of maximum 
for Q, so ^Q{xt) = when t = 0. It is easy to see that 

^Q{xt)\t=o = r[{Dx,y) + {Dx,y)*y 

If {Dx,y) 7^ then put a = j^jj^^^{Dx,y) . Obviously ||a|| = 1. Put further 
z = ya* and xt = x cos t + z sin t . Then 

= j^Qixt)\t=o = r[{Dx,z) + {Dx,zy 

= T(^{Dx,y)a* + a{Dx,y)*^ = T(^2aa* ■ \\{Dx,y 
= 2\\{Dx,y)\\-r{aa*). 
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Prom the faithfulness of r we obtain a — 0, hence Dx is orthogonal to any 
y e L-*-, so Dx E L. By self-adjointness of D we have {Dx,y) — for any 
yeL^, so DL^ gL^. • 

Proposition 5.3. Let x e Bi{Hb) be a vector at which the quadratic form 
Q reaches its supremum on Bi{Hb)- Then {x,x) — 1. 

Proof. If (x, x) is less than unity then there exists y E x-^ such that 
\\y\\ < 1, ?/ 7^ and yq = y where q = 1 — {x,x) is a projection. Then {x + 
y,x + y) = {x,x) + {y,y) < 1, so x + y e But Q{x + y) = Q{x) + Q{y) 

by the previous proposition and as y ^ and KerD = 0, so Q{y) > 0, hence 
Q{x + y) > Q{x) . This contradiction proves the proposition. • 

We call an operator D in M diagonalizable if it possesses a "basis" con- 
sisting of "eigenvectors" . 

Proposition 5.4. Let an operator D in M be positive and diagonalizable. 
If for its "eigenvalues" one has SpAj > Sp A^+i then the supremum of the 
quadratic form Q on Bi{M) is reached at the first "eigenvector" xi and is 
equal to t(Ai) . 

Proof. Any x G Bi{M) can be decomposed: x = Y.iXiai with ai E B . 
Then 

Q{x) = t(^{Dx,x)^ = Tr^a*{Dxi,Xi)aA 




< r(aiAiai) + ^r(a*Aiaj). 

i>l 



Let Sp Ai > 0? > Sp A2 . Then 

Q{x) — T(a^ AiOi) + ^T(a*(iaj) < T(a^ AiOi) + dT{l — a*ai) 

i>l 

because the inequality Z^jO* < 1 follows from < 1. Further on 

Q{x) < r(a^Aiai) + d{l — r(a^ai)) = r(a^Aiai — a^dai) + d 

= r(a*(Ai - d)ai) + d = r((Ai - (i)^/2^ia*(Ai - d)^/^) + d 
< ||ai||^ • r(Ai -d) + d< t(Ai - d) + d = r(Ai). 

So t(Ai) is the supremum of Q{x) on Bi{M) and it is reached on xi. • 
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6 Perturbated Schrodinger operator with ir- 
rational magnetic flow as an operator acting 
in a Hilbert module 

In this section we consider the perturbated Schrodinger operator with irrational 
magnetic flow 

with a double-periodic perturbation W{x,y) = W{x + l,y) = W{x,y + 1). 
This operator has been studied in a number of papers (see |jn|,[|l^). Applying 
to the operator ( |6.1D the Fourier transform in the variable x {x — and the 



change of variables: t = —-^ + Oy; s = -f- we obtain the operator 



D = A + W (6.2) 

with 
and 

k,l 

where Tt (resp. Tg) denotes the unit translation in variable t (resp. s ), 
Tt(f)(t,s) = (pit + l,s), and Wki denote the Fourier series coefficients of 
the function W{x, y) . We suppose that the function W{x, y) is such that 
Sfc,/ \ wki\ < oo. Let Ag be the C* -algebra generated by two non-commuting 
unitaries U and V such that UV = e^^^Vt/ |],0 and let C Ag be 
its "infinitely smooth" subalgebra of elements of the form J2k,i o-kiU^V'' where 
coefficients aki are of rapid decay. The Schwartz space S(IV) of functions of 
rapid decay on R can be made |@] a projective right -module with one 
generator. We denote this module by M°° . The action of on M°° is given 
by formulas 

i<pU){t) = <Pit + e); (0y)(t) = e2-^V(^) 

for (f){t) G M°° . The module M°° is generated by a projection p G A'^ ; 
M°° = pA'^ with r(p) = 6 and as M°° C Ag so M°° inherits the norm from 
Ag. Its closure M = M°° Ag in this norm is a Hilbert Ag-module. Notice 
that there exists in S'(R) C i^^(R) the orthonormal basis {(piit)} consisting 
of the eigenfunctions of the operator A ( |6.3|) , and the functions from S'(R^) = 
® M°° can be represented as series ^i4>i{t)mi{s) with mi{s) G M°°. 
Define the -valued inner product on S'(R^) by formula 
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where nj{s) G M°°. By S(R;M) (resp. L'^(R;M) ) we denote the Schwartz 
space of functions (resp. the space of square-integrable functions) with the 
values in the Banach space M . The inclusion 

^(R X R) S(R; M) ^ L^{R- M) = N 

allows us to consider S'(R^) as a dense subspace in the Hilbert module 

= {{mi) : ^ (mj, nii) converges in Aq} 

i 

(this module is often denoted by l2iM) ). One can see that the module M is 
full, i.e. (M, M) = Aq because the C* -algebra Ae is simple and (M, M) must 
be its ideal. By the results of [Q] one has = ■ 

Theorem 6.1. The operator D ( \6.2{ ) is a self-adjoint unbounded operator 
in N with a dense domain. 

Proof consists of the five following steps. 

1. Let Ni C N he a subspace of sequences (mj) such that the series 
J2i i'^i'i^i, rrii) converges in norm to an element of Aq . U ^ & Ni] ^ = J2i 4'i{t)mi 
then = I]j(2^ — l)6(f)i{t)mi and the series I]j(2i — l)^6'^(mj, rrii) converges 
in Aq , therefore A is an unbounded operator in with the dense domain A^i . 

2. Here we show that the action of the operator Cki = T~'^e^'^*'*/^ can be 
prolonged from to M . Since this operator commutes with the action of 
the algebra on the v4g° -module M°° we have C^i € End^i^ . The image 
of the generator p of M°° can be written in the form C^i {p) = pan ^ M'^ for 
some a^i G and we have 

Ckiip) = Cki{p^) = Cki{p)p = pakip. 

Obviously the map m \ — *• pakipm = Cki{m) can be continuously prolonged 
from M°° to M . Besides that since Cki is a unitary operator, we have ||Cfc/|| = 
1 and \\aki\\ = 1. 

3. Consider now the operator Bki = T^e^'^'^^^^^ ■ Cki - It is obviously continuous 
in S'(R^). Let aij be matrix coefficients of decomposition with respect to the 
basis for the operator j'^^e^'"*'*/^ : 

r^2-'*/^0,(t) = 5:a,,0,(t). 

i 

As this operator is unitary, so «ij«nj = ^in - Let ^ = I]j (f)i{t)mi G A^. Then 
BkiiO — <^ij'Pj{'t)Cki{nT,i) . Estimate its norm: 

{Bki{0,Bki{0) = ^{^aijCki{mi),^anjCki{mn)) 

i,j i n 
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= (^ij(^nj{Ckl{mi),Ckl{mn)) 
i,n j 

= Ykn{Cki{mi),Cki{mn)) 
= Y{Cki{'mi),Cki{'mi)) 

i 

= J2(^kimiTakimi = Ym*aliakimi 

i i 
i i 

Hence \\Bki\\ < 1 and it is a continuous operator in N . 

4. We have 

\\W\\ < Y WwkiBkiW < E M ■ \\Bki\\ < E \^m\. 

By our supposition the last sum is finite, hence W is continuous in N . 

5. It remains to show that D commutes with the action of the C* -algebra Aq 
on A^. It is obvious for the operators A and Bki . As the series W = J2k,i WkiB^i 
converges, so W also commutes with the action of Ag. D is self-adjoint if the 
function W{x, y) is real- valued. • 

Let now A be a type IIi factor containing Aq as a weakly dense subalgebra 
(cf. |l|]). This inclusion induces the inclusion of H^g into Ha and operators 
acting in Ha^ can be prolonged to operators acting in Ha- Notice that if 
||VF|| < c then the operator D + c is invertible and its inverse {A + W + c)~^ = 
(1 + A^^{W + c))^^A^^ is compact because the operator A^^ is compact. 
So by the theorem 4.1 it is diagonalizable in H^, hence the same is true for 
the operator D . Slightly changing the proof of that theorem (namely taking 6 
instead of 1 in ( [4.5| )) we can obtain the set of "eigenvectors" {xi} for D with 
{xi,Xi) = p. In that case the corresponding "eigenvalues" Aj can be viewed as 
elements from End^(A/') where A/" = pA = N ^Aq A. 

Problem 6.2. Can the "eigenvalues" A, be taken from the lesser algebra 
End^^(M) instead of End^(A/') ? Do these "eigenvalues" possess properties 
resembling analyticity as they do in the commutative case when 6 is integer 



211? 



If II W^ll < then the spectrum of D lies in U^(2^(^ — 1); 26i) , therefore the 
spectral projections Pi = P(2e{i-i);2ei){.D) lie in End^^(A^), hence the "eigen- 
values" Aj of D lie in End^^(M). It was shown in by the methods of 
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perturbation theory that if the norm of W is small enough then the images of 
Pi contain "eigenvectors" which form a basis of A^, hence the operator D is 
diagonalizable inside the module A^. 

Added in proof: The results of allow us to give positive answer to 
the first question of the problem 6.2. 
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